
Stat	306:		
Finding	Rela1onships	in	Data.	

Lecture	11	
Sec1on	3.9	(recap)	+	quadra1c	terms	+	

Sec1on	3.10	-	Par1al	correla1on	
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“reference	category”.		
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So	we	have	that:	
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So	we	have	that:	
	
b0		=	10.00	 	,				Var(b0)	=	2.91 		
b1		=	13.33							,				Var(b1)	=	5.82	
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Test	1:	
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⇒		
H0:	β1	=	0	

Test	2:	

H0:	μFrance	=	μThailand	
⇒		
H0:	β1	-	β2	=	0	
	
	t-stat	=	b1/SE(b1)	

	

	 	=	13.33/2.41		
t-stat	=	(b1-b2)/SE(b1-	b2)	
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3.9	Categorical	explanatory	variables	
You	can	always	“re-level”	(i.e.	change	the	reference	
	level	to	get	a	comparison	that	you	want).		But	this		
is	not	necessary.		The	fibed	model	will	not	change.	
And	for	Standard	Errors	and	Intervals,	we	should		
remember	that…	
	
Var(A	–	B)	=	Var(A)	+	Var(B)	–	2Cov(A,B)	
	
	
Or	more	generally:	
	
Var(aA	–	bB)	=	a2Var(A)	+	b2Var(B)	–	2abCov(A,B)	
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So	we	have	that:	
	
b0		=	10.00	 	,				Var(b0)	=	2.91 		
b1		=	13.33							,				Var(b1)	=	5.82	
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So	we	have	that:	
	
b0		=	10.00	 	,				Var(b0)	=	2.91 		
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Consider	two	hypothesis	tests:		
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H0:	μFrance	=	μThailand	
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	 	=	5.53	
	
Therefore:	
	
p-value	=	2*(1-pt(abs(5.53),	n-k))	
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We	reject	the	null	hypothesis:	the	average	
for	France	is	different	than	the	average		
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3.9	Categorical	explanatory	variables	
The	model:	
Y	=		β0		+	β1	X1+	β2X2+	β3X3	
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The	model:	
Y	=		β0		+	β1	X1+	β2X2+	β3X3	
	The	model	with	an	interac1on	effect:	

Y	=		β0		+	β1	X1+	β2X2+	β3X3+	β4(X3X1)	+	β5(X3X2)		
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3.9	Categorical	explanatory	variables	

Now	let’s	go	back	to	the	model	with	the	original	data	and	
without	interacGon	effects:	
Y	=		β0		+	β1	X1+	β2X2+	β3X3	
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What	about	the	more	general	quesGon…		
	

QuesGon:	Do	all	the	categories	have		
the	same	average?	
	

H0	:		β1	=	β2=	β3=	β4=	β5=	0	
	

Answer:	F-test	

The	model	with	an	interacGon	effect:	
Y	=		β0		+	β1	X1+	β2X2+	β3X3+	β4(X3X1)	+	β5(X3X2)		
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The	model:	
Y	=		β0		+	β1	X1	
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The	model:	
Y	=		β0		+	β1	X1	
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Plot	the	residuals	vs.	y:	
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Quadra1c	Terms	

Plot	the	residuals	vs.	y:	
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Not	very	good!	



Quadra1c	Terms	

The	model:	
Y	=		β0		+	β1	X1+	β2(X12)	
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What	happened	here?	

The	model:	
Y	=		β0		+	β1	X1+	β2(X12)	
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The	model:	
Y	=		β0		+	β1	X1+	β2(X12)	
	

with:	X1	=	hp/100	
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Much	beber!!	

The	model:	
Y	=		β0		+	β1	X1+	β2(X12)	
	

with:	X1	=	hp/100	



Quadra1c	Terms	

The	model:	
Y	=		β0		+	β1	X1+	β2(X12)	
	

with:	X1	=	hp/100	
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The	model:	
Y	=		β0		+	β1	X1+	β2(X12)	
	

with:	X1	=	hp/100	
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Plot	the	residuals	vs.	y:	

10 15 20 25 30

-4
-2

0
2

4
6

8

carsy

re
si
du
al
s

Not	perfect,	but	beber!	
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Wait	a	minute…	isn’t	this	supposed	to	be	...	
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Wait	a	minute…	isn’t	this	supposed	to	be		
		LINEAR	regression?!?	



Quadra1c	Terms	

X1		=	horsepower/100	
	
Y	=	mpg	
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3.9	Categorical	explanatory	variables	

What	hypotheses	can	we	test?	

Is	the	negaGve	trend	between	mpg	and	hp,	
reduced	as	hp	increases?		
	
More	general	quesGon:			
Is	there	any	associaGon	between	mpg	and	hp?	
	

The	model:	
Y	=		β0		+	β1	X1+	β2(X12)	
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3.9	Quadra1c	variables	

What	hypotheses	can	we	test?	

Is	the	negaGve	trend	between	mpg	and	hp,	
reduced	as	hp	increases?		
	
H0	:	β2	<	0	
	
More	general	quesGon:			
Is	there	any	associaGon	between	mpg	and	hp?	
	

H0	:	β1	=	β2	=	0	
Look	at	the	F-test	p-value.	

The	model:	
Y	=		β0		+	β1	X1+	β2(X12)	
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3.9	Quadra1c	variables	

What	hypotheses	can	we	test?	

Does	the	trend	between	mpg	and	hp,	
decrease	as	hp	increases?		
	
H0	:	β2	>	0	
	
More	general	quesGon:			
Is	there	any	associaGon	between	mpg	and	hp?	
	

H0	:	β1	=	β2	=	0	
Look	at	the	F-test	p-value.	

The	model:	
Y	=		β0		+	β1	X1+	β2(X12)	
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Does	the	negaGve	trend	between	mpg	and	hp,	
decrease	as	hp	increases?		
H0	:	β2	<	0	
	
Is	there	any	associaGon	between	mpg	and	hp?	
	

H0	:	β1	=	β2	=	0	
Look	at	the	F-test	p-value.	
	



3.9	Quadra1c	variables	

What	hypotheses	can	we	test?	

Does	the	trend	between	mpg	and	hp,	
decrease	as	hp	increases?		
	
H0	:	β2	>	0	
	
More	general	quesGon:			
Is	there	any	associaGon	between	mpg	and	hp?	
	

H0	:	β1	=	β2	=	0	
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Does	the	negaGve	trend	between	mpg	and	hp,	
decrease	as	hp	increases?		
H0	:	β2	<	0	
	
Is	there	any	associaGon	between	mpg	and	hp?	
	

H0	:	β1	=	β2	=	0	
Look	at	the	F-test	p-value.	
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What	hypotheses	can	we	test?	

Does	the	trend	between	mpg	and	hp,	
decrease	as	hp	increases?		
	
H0	:	β2	>	0	
	
More	general	quesGon:			
Is	there	any	associaGon	between	mpg	and	hp?	
	

H0	:	β1	=	β2	=	0	
Look	at	the	F-test	p-value.	

The	model:	
Y	=		β0		+	β1	X1+	β2(X12)	
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Does	the	negaGve	trend	between	mpg	and	hp,	
decrease	as	hp	increases?		
H0	:	β2	<	0	
	
Is	there	any	associaGon	between	mpg	and	hp?	
	

H0	:	β1	=	β2	=	0	
Look	at	the	F-test	p-value.	
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3.9	Quadra1c	+	categorical	variables	



3.9	Quadra1c	+	categorical	variables	
Consider	X2	as	the	type	of	transmission,	with	two	categories:			
	
“Manual”	
“Automa1c”	
	
We	have	this	coded	as	(0	=	automa1c,	1	=	manual)	



3.9	Quadra1c	+	categorical	variables	
Consider	X2	as	the	type	of	transmission,	with	two	categories:			
	
“Manual”	
“Automa1c”	
	
We	have	this	coded	as	(0	=	automa1c,	1	=	manual)	

The	model:	
Y	=		β0		+	β1	X1+	β2(X12)	+	β3X2	



3.9	Quadra1c	+	categorical	variables	

What	hypotheses	can	we	test?	

The	model:	
Y	=		β0		+	β1	X1+	β2(X12)	+	β3X2	

Consider	X2	as	the	type	of	transmission,	with	two	categories:			
“Manual”	and	“Automa1c”.	
(0	=	automa1c,	1	=	manual)	



3.9	Quadra1c	+	categorical	variables	

What	hypotheses	can	we	test?	
Is	the	mpg	(adjusted	for	horsepower)	
different	for	manual	and	automaGc	cars	?	
	
	

The	model:	
Y	=		β0		+	β1	X1+	β2(X12)	+	β3X2	

Consider	X2	as	the	type	of	transmission,	with	two	categories:			
“Manual”	and	“Automa1c”.	
(0	=	automa1c,	1	=	manual)	



3.9	Quadra1c	+	categorical	variables	

What	hypotheses	can	we	test?	
Is	the	mpg	different	for	manual	and	automaGc	cars,	
controlling	for	horsepower	(hp)?	
	

H0	:	β3	=	0	
	

The	model:	
Y	=		β0		+	β1	X1+	β2(X12)	+	β3X2	

Consider	X2	as	the	type	of	transmission,	with	two	categories:			
“Manual”	and	“Automa1c”.	
(0	=	automa1c,	1	=	manual)	



H0	:	β3	=	0	



3.9	Quadra1c	variables	+	Categorical	
variables	
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3.9	Quadra1c	variables	+	Categorical	
variables	

50 100 150 200 250 300

10
15

20
25

30

hp

m
pg



3.9	Quadra1c	variables	+	Categorical	
variables	
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Wait	a	minute…	isn’t	this	supposed	to	be		
		LINEAR	regression?!?	



3.9	Quadra1c	variables	+	Categorical	
variables	

It	IS	linear	in	the	higher	dimension!	



3.9	Quadra1c	variables	+	Categorical	
variables	

It	IS	linear	in	the	higher	dimension!	
	
How	would	you	include	an	interacGon	
effect	in	the	model?	
	
What	would	the	3d	plot	look	like?	
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Search	online	for	“mtcars	linear	regression”	and	
you	will	find	some	great	material,	for	example:	
	
•  hbps://rstudio-pubs-sta1c.s3.amazonaws.com/

193417_4e1f9d5b1c6f472885fc5b03df9d4331.html	

•  hbp://rstudio-pubs-sta1c.s3.amazonaws.com/
20516_29b941670a4b42688292b4bb892a660f.html	

•  hbps://cran.r-project.org/web/packages/olsrr/vignebes/
residual_diagnos1cs.html	

		

3.9	Quadra1c	variables	+	Categorical	
variables	
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2.10	Par1al	correla1ons	
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2.10	Par1al	correla1ons	
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